ON SHIMURA CURVES IN THE SCHOTTKY LOCUS 



STEFAN KUKULIES 



Abstract. We show that a given rational Shimura curve Y with strictly 
maximal Higgs field in the moduli space of g-dimensional Abelian vari- 
eties does not generically intersect the Schottky locus for large g. 

We achieve this by using a result of Viehweg and Zuo which says that 
if Y parameterizes a family of curves of genus g, then the corresponding 
family of Jacobians is y-isogenous to the jr-fold product of a modular 
family of elliptic curves. After reducing the situation from the field of 
complex numbers to a finite field, we will see, combining the Weil and 
Sato- Tate conjectures, that this is impossible for large g. 
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1. Introduction 

Let U he a rational Shimura curve so that U is an open subset in P^. Let 
S = Fj. — U he the "bad locus" . We prove the following theorem. 

Theorem 1.1 (Shimura curves in the Schottky locus). Given an integer 
s > 0, there is a natural number B = B{s), depending only on s, such that a 
rational Shimura curve, whose Higgs field is strictly maximal and whose bad 
locus S contains at most s points, cannot lie in the closure of the Schottky 
locus Mg for g > B. 

The Schottky locus is the image of the moduli space Mg of curves of genus 
g in Ag - the moduli space of principally polarized (/-dimensional Abelian 
varieties (with a suitable level structure) . We say that a Shimura curve in Ag 
lies in the closure of the Schottky locus if it generically intersects the image 
of Mg in Ag. So, in particular, it should not lie entirely in the boundary of 
the closure of J^g in Ag. 
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By Shimura variety we mean a Shimura variety of Hodge type which is an 
etale covering of a certain moduh space of Abehan varieties with prescribed 
Mumford-Tate group and a suitable level structure as defined in [Mu6 6] . A 
Shimura curve is a one-dimensional Shimura variety. 

Let / : A^Y be a semistable family of Abelian varieties over a complex 
projective curve Y , U = Y — S the smooth locus and V = f~^{U) so 
that / : V^U is an Abelian scheme. Consider the Higgs bundle {E^ 6) 
given by taking the graded sheaf of the Deligne extension of R^f^Cy <Si Ou 
where f^Cy is the weight 1 variation of Hodge structures. We have a 
decomposition E = F®N into an ample part F and a flat part A^. Following 
|VZ03j we say that the Higgs field is maximal if 

^1,0. ^1,0^ ^0,1 ^f^i^ (log 5) 

is an isomorphism, and that the Higgs field is strictly maximal if additionally 
A = 0. 

Viehweg and Zuo showed in [VZ04j that if each irreducible and non- 
unitary sub- variation V of Hodge structures in R^f^Cy has a strictly max- 
imal Higgs field, then there is an etale covering U'^U such that U' is a 
Shimura curve and /' : V'^U' is the corresponding universal family. More- 
over, Moller showed in [MoOSj that the converse also holds. Hence we have 
a characterization of Shimura curves by the maximality of the Higgs field of 
the corresponding universal family. 

Combining the results of Viehweg and Zuo [VZ06j which say that a 
Shimura curve U in A4g has to be non-compact with the techniques of 
Moller shows that U has also to be a Teichmiiller curve. Then from jMo05] 
it follows that there are no such curves in A4g unless g = 3. See also the 
discussion in |MVZ05j . 

Observe that this result deals with the occurrence of Shimura curves in 
Aig rather than its closure in Ag. So it does not answer the question if there 
are Shimura curves in the closure of the Schottky locus. 

We remark that the conjecture of Andre-Oort, saying that a Shimura va- 
riety is characterized by having a dense set of CM-points, and the conjecture 
of Coleman, saying that there are only finitely many CM-points in A4g for 
high genus g, suggest that there are no Shimura varieties in the closure of 
the Schottky locus for g sufficiently large. 

In |Ha99] . Hain studied families of compact Jacobians over locally sym- 
metric domains U satisfying an additional technical condition. Based on his 
methods, de Jong and Zhang [dJZ06] were able to exclude certain types of 
higher-dimensional Shimura varieties. 

Returning to Shimura curves, we will prove Theorem (jl.ip as follows. Let 
C^Y be a family of complex curves whose family of Jacobians J— >y has 
a strictly maximal Higgs field. If y = Pj., then a further result of Viehweg 
and Zuo from [VZ04| says that J^Y is y-isogenous to the g-fold product 
E Xy ■ ■ ■ >^Y E of a modular family of elliptic curves E^Y. So Theorem 
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(jl.ip will follow from the following theorem, which holds for an arbitrary 
base curve Y. 

Theorem 1.2 (Bound for the genus). Let C^Y be a family of curves of 
genus g whose Jacobian J^Y is Y-isogenous to the g-fold product of a non- 
isotrivial family of elliptic curves E^Y which can be defined over a number 
field. Then the genus g is bounded, i. e. there is a number B = B[E/Y), 
depending only on E^Y , such that g is smaller than d. 

Mind that modular families of elliptic curves can be defined over number 
fields. We will prove Theorem (jl.2p by reducing the situation from C to a 
number field F. Then we reduce to a finite field by selecting a suitable finite 
prime of F. Finally, we prove that the genus g of the fibers of a family of 
curves C— >y, defined over a finite field and whose family of Jacobians is 
isogenous to the 5- fold product of a family of elliptic curves, is bounded. 

We achieve this by counting the number of singularities 5 in the fibers 
of C— >y. Combining the Weil conjectures for the fibers with the Sato- Tate 
conjecture about the distribution of Frobenius traces in a family of elliptic 
curves, we will get a lower bound for 5. On the other hand, the geometry of 
the total space C of C^Y will give an upper bound. For large g, the lower 
bound will exceed the upper bound. Thus, the genus has to be bounded. 

I would like to thank my adviser Eckart Viehweg for his continuous sup- 
port and encouragement while writing this paper. I would also like to thank 
Gebhard Bockle, Martin Moller and Pooji Singla for pointing out several 
mistakes. This work was financially supported by the DFG. 

2. Shimura curves and maximal Higgs fields 

Let Y be an irreducible smooth projective curve over the field of complex 
numbers C and let / : A^Y be a semistable family of (jf-dimensional Abelian 
varieties, i.e. / : A^Y is a flat, projective C-morphism whose generic fiber 
is an Abelian variety of dimension g. Let U <Z Y he the smooth locus of 
A^Y , i. e. the restriction of A^Y to U is an Abelian scheme Aq^U while 
the fibers over the set S = Y — U are all singular. Consider the weight 
1 variation of Hodge structures i?^/*Z^p and let F be the non-flat part of 
the Higgs bundle {E, 6) given by taking the graded sheaf of the Deligne 
extension of f^fl^Ao 'S> Ojj to Y which carries a Hodge filtration. Then the 
Arakelov inequality for families of Abelian varieties [JZ02] says that 

< 2 • deg(Fi'O) < 50 . (2g - 2 + #S) 

where q denotes the genus of the base curve Y and 50 is the rank of F^''^. We 
say that the family of Abelian varieties A^Y reaches the Arakelov bound 
if the above inequality becomes an equality. Viehweg and Zuo showed in 
|VZ04j that this property is equivalent to the maximality of the Higgs field 
for F, i.e. the map 9\pi,o : F^'^—fF^'^ (8> f^y(log5') is an isomorphism. 
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Moreover, the Higgs field is called strictly maximal if in addition the Higgs 
bundle has no flat part. 

Assume that V^U is a Shimura curve, i. e. U is an etale covering of 
a certain moduli space of Abelian varieties with prescribed Mumford-Tate 
group and a suitable level structure, and V^U is the corresponding univer- 
sal family, see |Mo05| . Then Moller showed that U^V has a maximal Higgs 
field. 

Theorem 2.1 (Shimura implies maximal Higgs). IfV^U is the universal 
family over a Shimura curve, then its Higgs field is maximal. 

Proof. See |MVZ05[ Thm.0.9] or jMoOSl Thm.1.2]. □ 

The converse was shown by Viehweg and Zuo in |VZ04] , see also |MVZ05j . 
So we have a Characterization of Shimura curves by its corresponding Higgs 
field. Moreover, Viehweg and Zuo showed that after an etale extension the 
family A^Y decomposes in the following way. 

Theorem 2.2 (Decomposition Theorem). // V^U has a maximal Higgs 
field and S ^ %, the there is an etale covering Y'^Y such that the pull-back 
family A'^Y' is Y' -isogenous to a product 

E Xy' ■ ■ ■ y-Y' E xc B 

where B/C is an Abelian variety of dimension g—go and E—^Y' is a modular 
family of elliptic curves. 

Proof. See |VZ04^ Thm.0.2] or |MVZn5[ Cor.0.10]. □ 

Modular means that the smooth locus U' of E^Y' is the quotient T\M. of 
the upper half-plane EI by a subgroup T C SL2(Z) of finite index and E^Y' 
is over U' the quotient of H x C by the semi-direct product of F and Z^. 

If the Higgs field is strictly maximal so that go = g, then there is no 
constant part. Hence, A'^Y' is y'-isogenous to a product E Xy' ■ ■ ■ Xy E 
with E^Y' modular. 

Now let C^Y be a semistable family of curves of genus g with J^Y its 
corresponding family of Jacobians. Let V^U be the the smooth part of 
J^Y and S = Y — U the bad locus - as before with A^Y instead of J^Y. 
Assume that V^U is a Shimura curve so that its Higgs field is maximal. 
If y = P(J^, then the Arakelov inequality above tells us that 5 7^ 0. If we 
further assume that the Higgs field of V^U is not only maximal but strictly 
maximal, then the Jacobian has the following decomposition. 

Corollary 2.3 (Structure of the Jacobian). Let C^Y be a semistable family 
of curves of genus g whose Jacobian J^Y has a strictly maximal Higgs field. 
IfY = Fq, then J^Y is Y -isogenous to the g-fold product E xy • • • xy E 
of a modular family of elliptic curves E^Y . 
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Proof. Because of the Arakelov inequality we have S ^ %. So we may apply 
Theorem (j2.2p . Since y = Pj^ has no other etale coverings than automor- 
phisms, the splitting takes place over Y . □ 

We will show that for a fixed modular family E^Y there cannot exist 
families of curves C— >y of arbitrary large genus whose Jacobian is a (7-fold 
product of E^Y . 

3. Reduction to number fields 

We want to show that a family of curves C^Y whose Jacobian J^Y 
is y-isogenous to the ^f-fold product of a modular family of elliptic curves 
E^Y is (after a base change) defined over a number field F which depends 
only on E^Y and not on g. 

We say that a family of curves or group schemes X^Y is defined over 
a number field F if there is a curve Yq/F and a family of curves or group 
schemes Xq^Yq over F such that Yq XpC '^Y over C and the pull-back 
family Xq x f C— s-Iq x C ~ 1" is y-birational to X^y, i. e. the families 
have isomorphic generic fibers. 

We say that a y-morphism / between two families X^Y and Z^Y is 
defined over a number field F if X^Y and Z^Y are defined over F and 
there is a Yo-morphism /o : Xq^Yq which coincides generically with the 
y-morphism / : X^Y after the base change SpecC^SpecF. 

As we will see, the reason why C^Y descends to a number field is that 
modular families of elliptic curves E^Y are defined over number fields. We 
start by describing the torsion structure of families of elliptic curves E^Y 
via Galois representations. 

Let K := C(y) be the function field of Y and be the u-adic completion 
of K where v denotes a normalized discrete valuation of K induced by some 
point y G Y{G). Let = GaliyK^/ K^^ be the absolute Galois group of Ky. 
By JE we denote the j-invariant of an elliptic curve. 

Proposition 3.1 (Galois action on torsion of Tate curves). Let be a 

v-adic complete field with residue field C and absolute Galois group Gy, and 
let E/Ky be a Tate curve. Then for any prime power , we can find a 
basis (Pi,P2) of E[i'^](^Ky) such that for any integer n' with | v{jE), 
there is an element a £ Gy which acts on E[£^] [Ky^ with respect to the basis 
(Pi,P2) like 

( I K ) ^ GL2(z/rz). 

In particular, for almost all prime powers there is a transvection, i. e. 
n' = 0. 

Furthermore, the basis (Pi,P2) can be chosen as follows: for Pi we may 
take any i"^ -torsion point which specializes into the connected component of 
one, while for P2 we may take any other point such that (Pi,P2) forms a 
basis. 
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Proof. Mimic the proof of |Si94t V.6.1] using Tate's t;-adic Uniformization 
Theorem. □ 

From this we can conclude that the image of the action of the absolute 
Galois group G = Gal[K/K) acting on iV-torsion points E[N] [K) of E^Y 
is huge. 

Corollary 3.2 (Galois action on torsion points of E). Let E^Y be a non- 
isotrivial family of elliptic curves and K = OY) the function field of Y . 
Then for any prime number £ there is a non-negative integer n{£) such that 
for all prime powers i^, there are elements cr and cr' of G which act like 

1 ^"(^) \ ^ / 1 
1 J and ^ 

on E[£"'](^K^ with respect to a suitable basis. Moreover, for almost all £, we 
may choose n{i) = 0. 



Proof. We argue as in Ig59 . We may assume that E—^Y has everywhere 
semistable reduction and a full level-£"-structure, i. e. there is an isomor- 
phism of y-group schemes (Z/^"Z)y^£'[^"]. This can always be achieved 
after a finite base change. 

Choosing a point y € Y{C) such that E^Y has bad reduction in y, we 
find by Proposition ()3.ip a basis (Pi,P2) of E[i"]{K) such that there is an 
element a £ G which acts with respect to (Pi, P2) like 

Q \ GL2(Z/rZ) 

for n' with i"" f v{jE) where v is the valuation at y. Furthermore, Pi 
specializes into the connected component of one while P2 does not. So we 
may find another point y' € Y{C) such that P2 will specialize into the 
connected component of one, since having a full level-^^-structure E^Y is 
the pull-back of the universal elliptic curve E{£'^)^X(i"') parameterizing 
full level-^"-structures (we may assume that > 2 because if the statement 
is true for it is also true for So using again (|3.ip we will find an 

element a' G G which acts with respect to the basis (P2,Pi) like 

Q \ GL2(Z/rZ) 

for n" with £""+1 -J- v'^je) where v' is the valuation in y' . Of course upper 
triangle matrices with respect to (P2,Pi) will be lower triangle matrices 
with respect to (Pi,P2). So choosing n{l) such that ^"W+i | v{jE) and 
^n(£)+i I yi^j^-j^ elements a and a' of G^^^ which act with 

respect to (Pi,P2) like 

1 r(^) \ , / 1 

1 ) ( 1 
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In particular, n{l) does only depend on £ or and for almost all i, we may 
choose n{i) = because £ f v{jE) and £ f v'^je)- D 

We can conclude the shape of endomorphisms on torsion groups of E^Y . 

Corollary 3.3 (Endomorphisms of torsion groups E[N]). Let E^Y he a 
non-isotrivial family of elliptic curves. Then for any prime number £, there 
is a non-negative integer n{£) such that for all prime powers , every Y- 
endomorphisms of E[£'^] is the sum of a multiplication-by-m map and a com- 
position of the multiplication-by-£^~^^^^ with an endomorphism of E[£"'^^^. 

Moreover, for almost all £ we may choose n{£) = so that the endomor- 
phisms Endy(^[^"]) consist only of multiplication-by-m maps. 

Proof. Any endomorphism of E[£"'] is invariant under the action of Galois so 
that it has to lie in the center of the action of Galois on E[£"']. In particular, 
an endomorphism must commute with the two matrices from Corollary ()3.2p . 
An elementary matrix calculation shows that any such endomorphism has 
to be represented by a matrix of the form 

A = m-i + r-"^'^) • M e Mf(Z/rZ) 

where m is an integer, / is the identity matrix and M is some other matrix. 
The interpretation is the following, m ■ I corresponds to the multiplication- 
by-m map, while ^"■~'^(^) . M is the composition of the multiplication-by- 
£n-n(£) ^j^p ^-^j^ endomorphism of 

Moreover, Corollary (j3.2p says that for almost all £ we have n{£) = so 
that Endy(S[rW]) = {0}. □ 

This tells us that if the family E^Y is defined over some number field, 
then the same is true for the endomorphisms of ii^[A^]. 

Corollary 3.4 (Endomorphisms of torsion groups descend). Let E^Y be 

a non-isotrivial family of elliptic curves defined over some number field F. 
Then there is a finite extension F' of F such that for all natural numbers N 
the Y -endomorphisms of E[N] are defined over F' . In particular, the field 
F' depends only on E^Y . 

Proof. It is enough to consider prime powers By Corollary (13. 3p for al- 
most all £ the endomorphisms Endy (S[^"(^)]) consist only of multiplication- 
by-m maps which are clearly defined over F. 

For the finitely many remaining £, we also have to consider endomor- 
phisms of E[£<% Since these are finite in number, they will be defined 
over some finite extension F' of F depending only on E^Y . □ 

In particular, any family of Abelian varieties A^Y which is isogenous to 
a y-fold product of E^Y can be defined over the number field F' . 
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Proposition 3.5 (Isogenies and Abelian varieties descend). Let E^Y a 

non-isotrivial family of elliptic curves defined over some number field F. 
Then there is a finite covering Y'^Y and a finite extension F' of F such 
that for every Y-isogeny h from any g-fold product of E^Y to any family 
of Abelian varieties A^Y , the Y' -isogeny h' = h Xyidy is defined over F' . 
In particular, Y' and F' depend only on E^Y and not on g. 

Proof. Let H be the kernel of h. For a suitable number N , the group scheme 
H is contained in E[N] xy ■ ■ ■ xy E[N]. After a suitable base change y'^y, 
which may be chosen independently from H because of the finiteness result 
Corollary (j3.3p . we can describe H' as the kernel of an endomorphism of 
E'[N]xyi ■■■Xy'E'[N]. Corollary (fO]) shows that H' wih be defined over F' , 
i. e. H' is the pull-back of a subgroup scheme H'q of E'q[N] Xyj • • • Xy^/ E'q[N] 
with respect to the base change SpecC^SpecF'. 

Now let A'q^Yq be the quotient of the (7-fold product of E'q^Yq by Hq 
and let h'^ be the quotient map. Clearly, h' and A'^Y' coincide generically 
with the pull-backs of h'^ and A'q under the base change SpecC^SpecF'. 
Also Corollary (j3.4p says that F' depends only on the family E'^Y' and, 
therefore, on E^Y. □ 

Moreover, we can say something about the isogenies which will occur. 

Proposition 3.6 (Divisibility of the degree of isogenies). Let E^Y be a 

non-isotrivial family of elliptic curves. Then there is a finite set of primes 
S = S{E/Y), depending only on E^Y , such that for every family of Abelian 
varieties A-^Y , which is Y -isogenous to a g-fold product of E—i-Y, there is 
a Y-isogeny between the g-fold product of E^Y and A^Y whose degree has 
only prime divisors contained in S. In particular, the set S does not depend 
on g. 

Proof. Let S = S{E/Y) be the set of primes £ such that the integers n(£) 
from Corollary (j3.2p are non-zero. Let h : E Xy • • • Xy E^A be an isogeny 
and H C Ker(/i) a non-trivial simple subgroup scheme so that the order of 
G is some prime power 

Let £ ^ S. If g = 1, then H ~ E[£] since E[i] is irreducible by Corollary 
()3.3p . Thus h : E^A factorizes through E ~ E/H^A. Proceeding like 
this, we can find an isogeny prime to all i ^ S. 

If g > 1, then using Corollary <\3.3h we see that H maps into a factor of 
E Xy - - - Xy E hy a. multiplication- by-m map. So after applying a suitable 
automorphism oi E Xy ■ ■ ■ Xy E, the subgroup H lies in a g — 1-dimensional 
factor of the product. By induction we see that {E Xy ■■■ Xy E)/H is 
isomorphic to E Xy ■ ■ ■ Xy E. □ 

So far, we have seen that a family of Abelian varieties which is isogenous 
to a product of a modular family of elliptic curves can be defined over a 
number field. Now we want to have this result for a family of curves whose 
Jacobian is isogenous to a product of a modular family of elliptic curves. 
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Proposition 3.7 (Curves descend). Let E^Y he a non-isotrivial family 
of elliptic curves defined over a number field F . Then there is a finite 
field extension F' of F and a curve Y' covering Y , both depending only 
on E^Y , such that for any family of curves C^Y , whose Jacobian J^Y 
is Y -isogenous to a g-fold product of E^Y , there is finite covering Y"^Y' 
of degree at most 2, such that C XyY" ^Y" is defined over F' . In particular, 
Y' and the degree ofY"^Y' do not depend on g. 



Proof. Let S = S{E/Y) be the set of primes from Proposition (j3.6p about 
the divisibihty of the degree of isogenics. Let A'^ > 3 be an integer which is 
not divisible by any prime in S. (The choice of N will later ensure that the 
Jacobian is equipped with a level- A^-structure, see below.) 

After a finite extension y'— >y, we may assume that E'^Y' is equipped 
with a level- A^-structure a' . By further extending Y'^Y we may also as- 
sume that the conclusion of Proposition (13. Sh about descending isogenics 
and Abelian varieties holds. The extension Y'^Y depends only on E^Y . 

Now let C^Y be a curve whose Jacobian J^Y is l^-isogenous to a g-fold 
product of E^Y . We may assume by Proposition (13. 6p that there is a Y- 
isogeny h from E xy ■ ■ ■ xy E to J whose degree has only prime divisors in 
S. Thus, the level- A^-structure a' will be mapped under h' injectively into 
J'^Y' so that J'^Y' itself is equipped with a level- A^-structure which we 
will call 13'. 

By Proposition (j3.5p and the choice of Y' , we see that J'^Y' together 
with its principal polarization 9' (which is just a special kind of isogeny) 
are defined over F' . Also the level- A^-structure /?' on J'^Y' is defined over 
F' since it is the image of the level- A^-structure a' oi E' Xyi ■ ■ ■ Xyi E'^Y' 
under h'. So, the triple {J'—fY',9',(3') is defined over F'. 

The canonical morphism between fine moduli spaces 

which sends a curve with level-A^-structure to its principally polarized Ja- 
cobian with the same level- A^-structure is 2-to-l over its image for g > 3 
respectively 1-to-l for g = 2, see |OS80] . Hence, the curve C'^Y' can be 
defined over F' after applying a base change Y"^Y' of degree at most 2. 

As mentioned above, the choice of Y' and F' depend only on the family 
of elliptic curves E^Y. □ 

So we see that a family of curves, whose Jacobian is isogenous to the g'-fold 
product of a modular family of curves, can be defined over a number field 
after a finite base change of degree at most 2. And the number field does 
not depend on the given family of curves but only on the modular family of 
elliptic curves. 
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4. Reduction to finite fields 

Let C^Y be a family of curves, i.e. a flat, projective morphism whose 
generic fiber is smooth and geometrically connected. Assume that the Jaco- 
bian J— >y is y-isogenous to the (7-fold product E xy ■ ■ ■ >^y E of a. modular 
family of elliptic curves E^Y. 

Because of Theorem (13. 7p we may assume that our base field is a number 
field F. We want to show that there is a finite prime of F such that the 
family C^Y obtained by reduction modulo this prime has a also a smooth 
generic fiber. It is clearly possible to find such a prime depending on the 
given family C— But we want to show that there is a choice of this 
prime which depends only on E^Y and not on C^Y or g, so that for any 
family C^Y of arbitrarily large genus g, whose Jacobian is y-isogenous to 
E xy ■ ■ ■ xy E, its reduction C^Y will still be generically smooth. 

Therefor we need a criterion for the generic smoothness of a family of 
curves C^Y after reduction modulo a prime. The characterization is given 
in terms of the existence of certain endomorphisms on the principally polar- 
ized Jacobian J— >y of C^Y . 

In this section we consider all schemes, morphisms and fiber products to 
live over an at most 1-dimensional base scheme S which is suppressed from 
the notation. 

Definition 4.1 (Split principally polarized Abelian variety). A principally 
polarized Abelian variety [A, \a) splits if there are two positive-dimensional 
principally polarized Abelian varieties {B, Xb) and (C, Ac) such that {A, Xa) 
is isomorphic to {B x C, Xb x Ac) as a principally polarized Abelian variety. 

For the next proposition, we assume that S is the spectrum of an alge- 
braically closed field of arbitrary characteristic. 

Note that a smooth curve C has a proper Jacobian J. But the converse 
is not true, since e. g. two smooth curves intersecting transversally in one 
point also have a proper Jacobian. So we need a criterion to distinguish 
between these cases. 

Proposition 4.2 (Reducibility criterion for curves). Let C be a curve with 
proper Jacobian (J, A). Then C is reducible if and only if (J, A) splits as a 
principally polarized Abelian variety. 

Proof. If C has a proper Jacobian then it is either smooth or it consists of 
smooth irreducible components Cj intersecting in a way such that they form 
a tree. Hence, if C is reducible, then (J, A) is the product of the Jacobians 
(Jj, Aj) of the smooth components Cj. 

It remains to show the converse that C is reducible if (J, A) splits. Assume 
that (J, A) = {Ai X A2,Xi x A2) where {Ai,Xi) are positive-dimensional 
principally polarized Abelian varieties and that C is smooth. Choose an 

embedding C ^ J and let pi be the projection Ai x A2 ^ A^. 
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Then Cj := Pi*f{C) C is a 1-cycle generating Ai (i. e. Ai is the smallest 
Abelian subvariety of Ai containing Cj) because C generates its Jacobian 
J = Aix A2. Define C := Ci x {0} + {0} x C2 C Ai x A2 = J. It follows 
that C is a 1-cycle generating J. 

Let Qi C be a divisor inducing the polarization Ai Ai. Then the 
divisor := ©i x ^2 + ^1 x ©2 on x A2 = J induces the polarization 
J ^ J. We compute the intersection number 

(c.e) = {Ci X {o}.ei X A2) + (Ci X {o}..4i x 62) 

+ ({0} X C72-©i X A2) + ({0} X C72.^i X 82). 

The two middle terms are zero as an application of the projection formula 
shows. An other application of the projection formula on the remaining two 
terms gives us 

(c.e) = (/(c).ei X A2) + {f{c).Ai X 62) = (/(c).e) = g 

where the last equality follows from the fact that C is the Jacobian of C. 

Prom the Matsusaka-Ran Theorem |Co84] follows that the (Ai, Aj) are the 
Jacobians of the curves Ci and that the Ci are components of C, so that C 
has to be reducible. □ 

A characterization of split principally polarized Abelian variety (A, A) is 
given in the next proposition. There, the Rosati-involution on End5(^) is 
denoted by 

/^/t:= A-^o/oA 

^ / ^ 

where A ^ A'ls the dual map of /. 

Proposition 4.3 (Splitting criterion). For a principally polarized Abelian 
variety (A, Aa), the following two statements are equivalent: 

(i) [A^Xa) splits, i.e. A^) is isomorphic as a principally polarized 
Abelian variety to aproduct {BxC, XbxXc) of two positive- dimensional 
principally polarized Abelian varieties {B,\b) and {C,Xc)- 

(ii) {A, Xa) possesses a non-trivial symmetric idempotent endomorphism, 
i. e. it exists a map f € J^nds{A) different from the identity and the 
zero map such that the two relations f'^ = f and f"^ = f hold. 

Proof, (i) (ii) Let h : A B x C he an isomorphism of principally 
polarized Abelian varieties and define / to be the following composition of 
maps 

B xC^Bx C 



h ft-i 

A^^l. 
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Then / is an idempotent and symmetric endomorphism of A. For the idem- 
potence consider the commutative diagram 




where the lower row gives us If we follow the upper way around we get 
/. So / and coincide and, therefore, / is idempotent. For the symmetry 
look at the diagram 



/ 




/=/t 



which is commutative since dualizing endomorphisms commutes with invert- 
ing them. Again the lower row gives us / while the upper way around we 
obtain p . So / and arc identical, telling us that / is a symmetric and 

idempotent endomorphism of A. 

(ii) (z) Let ^ ^ ^ be a symmetric idempotent endomorphism of 

A. Define B := lm{A ^ A) and C := Im(^ A). Then we get a 
homomorphism 

BxC = fAx{l-f)A^A, {b,c)^b + c. 
Since / is idempotent, the homomorphism 

A^BxC = fAxil- f)A, a ^ {fa, (1 - f)a) 

is an inverse map for h and, therefore, B x C — ^ A is an isomorphism of 
Abelian varieties. 

Let Xb and Ac be the restrictions of Xa on B and C. This makes B and 
C into principally polarized Abelian varieties. Since / is symmetric the two 
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diagrams 





A^^A A — -^A 

commute. In particular, B, which is the image of /, is mapped under 
into the image of A under /. The same holds for C and 1 — /• But then 
also the diagram 



BxC = fAx{l-f)A 



A 



B xC = fAx {1- f)A A 

commutes. Hence, as a principally polarized Abelian variety {A, Xa) is iso- 
morphic to {B X C,Xb X Ac) via the map h. □ 

Assume that an Abelian scheme splits after reduction modulo a prime 
so that it owns a symmetric idempotent endomorphism. To show that it is 
already split before reduction we want to lift the endomorphism. 

Let S = Speci? be the spectrum of a henselian discrete valuation ring 
with quotient field K and residue field k. We use the following notational 
convention. A small subscript denotes the base scheme. So the schemes Xk 
and Xk are schemes over Specif and Spec A;, respectively. A Scheme over S 
is simply denoted by X instead of Xs- Then Xk is its general fiber and X^ 
is its special fiber. Let A^S be an Abelian scheme. The question we will 
study is when does an endomorphism of Ak lift to an endomorphism of Ak- 

Definition 4.4 (The lifting property). We say that every endomorphism of 

A/; lifts if the restriction map 



End5(^) 
/ 



Endfc(Afc) 
fk ■■= f\Ak 



is an isomorphism. 



Example 4.5. If £' 5" is a relative elliptic curve such that Ek and E/^ 
are both elliptic curves without complex multiplication so that the endomor- 
phism rings Fjnds{E) and Endfc(£^fc) are isomorphic to Z, then the restriction 
map is an isomorphism because the endomorphisms are the multiplication- 
by-m maps. 

The same is true for the g'-fold product of the elliptic curve E since in this 
case any endomorphism is build up from multiplication-by-m maps which 
lift. 

The lifting property is invariant under etale isogenics. 
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Proposition 4.6 (The lifting property and etale isogenies). Let A and B 

he two principally polarized Ahelian schemes over S and h : A^B an etale 
S-isogeny. If every endomorphism of A^ lifts, then every endomorphism of 
Bk lifts too. 

Proof. Look at the commutative diagram 

Ends(S)^-!^ Ends(^) 

Endfc(Sfc)^^Endfc(>lfc) 

where h* is given hy f h* f := h^ o f o h and /i^ is the analogous map for 
endomorphisms of the special fiber. Let fk £ Endfc(i?fc) be an endomorphism 
of Syfc. We want to lift fk to an endomorphism / € End5'(i?) so that f^^^ = 
fi^. Look at the map /i^/fc € Endfc(Afc). Since A has the lifting property, 
the map h^fk lifts to a map A ^ A so that = h'^.f^. If we can show 
that A A lies in the image of h*, i.e. there is a map / € End5'(i?) 
with h* f = h"^ o f o h = u, then the map / is a lifting of fk because of the 
commutativity of the diagram above. 

We know that Uk = h'^fk = h\o fj. o hk factorizes through hk so that 
Ker(/ijfc) is a subgroup scheme of Ker(ufc)- Since our base S is henselian 
and Ker(/i/j) etale, there is a subgroup scheme G C Ker(u) such that = 
Ker(/ifc). But then, being a subgroup scheme of A, the group scheme G 
has to coincide with Ker(/i) since finite etale schemes over S are uniquely 
determined by their special fiber |Mi801 p. 34]. Hence, u factorizes through 
h, i. e. there is a map B A such that u = g o h holds. 

Analogously one shows that the dual g of g factorizes through the dual h^ 

of h^ . Hence, there exists an endomorphism B ^ B such that g = h'^ o f is 
valid. Therefore, we get the identity u = h* f and / becomes a lifting of fk- 
This implies that the Abelian scheme B also has the lifting property. □ 

In particular, Abelian schemes isogenous to a 5-fold product of a relative 
elliptic curve without complex multiplication have the lifting property. 

Let us return to our situation in the beginning of this section. Let Yp be 
a smooth, projective, geometrically connected curve over some number field 
F. Let Op denote the ring of integers of F and let SpecFg — > SpecOp be 
any finite point of SpecOp- We can extend Yp — > SpecF to an arithmetic 
minimal model Y Spec Of, i- e. F — > SpecOi? is an integral, proper, 
regular, excellent and flat surface of finite type with general fiber Yp together 
with the usual minimality property similar to the geometric case, see |Ch86| . 
Let Yf^ — > SpecFg be the special fiber of y ^ Spec Op over the point 
SpecFg ^ Spec Of- 
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Let K be the function field of Yp so that Specif ^ Yp is the generic 
point. Let k be the function field of an irreducible component of so 
that Spec/c — > Y^^ is the generic point of the corresponding irreducible 
component. Furthermore, let R be the local ring of Y at this irreducible 
component. In particular, R is a discrete valuation ring (Y is regular) with 
generic point Spec K Spec R and special point Spec k — > Spec R. 

{Ck, Jk, Ek} ^ {C, J, E} ^ ^ {Cfc, Jk, Ek} 



Spec K ^ Spec R ■< ^ Spec k 



Yp c Y ^ If, 



SpecF c ^ Spec Of ^ ^ SpecF, 

Finally, let Ck be a smooth, projective, geometrically connected curve 
defined over the function field iC, Jk its Jacobian and Ek an elliptic curve. 
We may extend Ck SpeciC to a minimal model C — > Speci? with Ja- 
cobian J Speci? and we denote the special fibers of these models by 
Ck — > Spec/c and Jk — Spec/c. Of course, also Ek — > Spec if extends to a 
(Neron) model E — s- Speci? with special fiber Ek Spec/c. 

With a view towards Proposition (j3.7p . we want to allow our curve C to 
be defined over some finite field extension K' of K rather than over K itself. 
Therefore, let Y'^Y be the map of minimal arithmetic surfaces induced by 
Spec iC'^Spec if , so that K' is the function field of Y'. Let be the fiber 
oiY'^SpecOp over the point SpecFg— >Spec Oi?, k' the function field of an 
irreducible component of Y^^ and R' the local ring of Y' at this irreducible 
component. We can extend Ck' to a model C— >Speci?' and denote its 
special fiber by Ck'- 

Theorem 4.7 (Reduction to finite fields). Let Ek be a non-isotrivial elliptic 
curve. Then there is a finite point Spec Fg— s-Spec Op, depending only on Ek, 
such that the following property holds: 

Let Jk be an Abelian variety which is K -isogenous to a g-fold product of 
Ek- Let K' be a finite extension of K such that Jk' becomes the Jacobian 
of a projective and geometrically connected curve Ck' - Then Ck' is smooth 
over K' if and only if its reduction Ck' with respect to SpecF^— >Spec Oi? is 
smooth over k' - 

Proof. First, we start with the case K' = K- We choose a finite point 
SpecFg — > Spec Of of residue characteristic p such that the following prop- 
erties are fulfilled. 
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(1) Yp has good reduction at SpecFg, i. e. the fiber Ip^ is a smooth curve. 
This depends only on K - the function field of Yp - and is true for 
almost all points of SpecOi;'. 

(2) Ek Specif extends to a smooth proper model E Speci? such 
that Ek Speck is a non-isotrivial elliptic curve. This is true for 
almost all points of SpecOi;' and depends only on Ek- 

(3) There is an isogeny Ek Xk ■ • • Xk Ek — >■ Jk such that its degree is 
prime to p. Using Proposition (j3.6p we see that this is true for almost 
all points of SpecOi;' and depends only on Ek- Together with (2) this 
property will enable us to lift endomorphisms of to endomorphisms 
of Jk with the help of Proposition (j4.6p . 

Since the three conditions above hold separately for all but finitely many 
points of Spec Op, we can find a point SpecFg SpecOi;' fulfilling all 
conditions simultaneously. The choice of this point depends only on Ek- 

As explained above, let R be the local ring of Y at 1^,- Extend the curve 
Ck — > Specie to a minimal model C Speci?. Its Jacobian J — > Speci? 
is equipped with a canonical principal polarization X : J ^ J such that 
{Jk, ^k) and {Jk, Xk) are the principally polarized Jacobian of Ck and Ck, 
respectively. Since by assumption Jk is iC-isogenous to the (7-fold product 
of Ek, the Jacobian Jk is fc-isogenous to the 5- fold product of Ek (actually 
J Speci? is isogenous over Speci? to the g-fold product of i^ ^ Speci?). 

Let i? be the completion of i? and K its quotient field. So after the base 
change Speci? — > Speci?, we get a model — > Speci? with generic fiber 

C^ Spec K and special fiber Ck —>■ Spec k- 

As discussed in the proof of Proposition (14. 2p . a non-smooth curve with 
proper Jacobian becomes reducible after some finite base change. By Propo- 
sition ()4.2p . the reducibility of the curve is equivalent to the splitting of its 
Jacobian. By Proposition (|4.3p . the splitting is equivalent to the existence 
of a symmetric idempotent endomorphism of the Jacobian. 

Since Proposition (|4.6p tells us that J^ has the lifting property, a sym- 
metric idempotent endomorphism exists on J^ if and only if it exists on 

Jk (apply a finite base change Spec 5 — Speci? if necessary). Hence Ck is 
smooth over K if and only if Ck is smooth over k. 

Now, if K' is a finite extension of K, with the same choice of prime 
SpecFg— 5-Spec Oi?, as above, the Jacobian Jj^, still has the lifting property. 
So, replacing K, i?, k by K', i?', k' , respectively, verbatim the same argument, 
as before, shows that Ck' is smooth over K' if and only if Ck' is smooth 
over k' . □ 

In particular, taking the minimal model C of Ck over Y = Yf^, the gener- 
ically smooth family of curves C— induces a corresponding generically 
smooth family of curves C^Y over a suitable finite field ¥q, which does not 
depend on C^Y. In the next section, we see that the genus g of the fibers 
of C— >y, which is the same as the genus of the fibers of C^Y, is bounded. 
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5. Bounding the genus in characteristic p 

Let ¥q be a finite field of characteristic p. Serre has shown in [Se97j based 
on the work of Tsfasman and Vladu^ |TV97j that for a curve C/Fg, whose 
Jacobian J/¥q is Fg-isogenous to a product of elliptic curves, the genus g is 
bounded. 

We will compute an explicit bound for an easy special case and generalize 
the statement for families of curves. 

Proposition 5.1 (Explicit bound). Let C/¥q be a curve of genus g whose 
Jacobian J/¥q is¥q-isogenous to the g-f old product of an elliptic curve E/¥q. 
IfTT{Fj^\H^{E,qe)) >0, theng<q+l. 

Proof. Isogenics become isomorphisms on ^-adic cohomology, so that we 
have isomorphisms (where C = C Xf^¥q, etc.) 

9 

H\C, Qe) ^ H^J, Q,) = H\Ex---xE, Q,) ^ H\E, Q,) 

i=l 

compatible with the action of Galois. Therefore, the Weil conjectures tell 
us that the number of Fg-rational points of C is given by 

0<#C7(F,) = q + l-Tt{Fc\H\C,qe)) 

= q+l-g-TT{FE\H\E,q,)) 

where Fc and Fe denote the q-th power Frobenius on C and E, respectively. 
Hence, it follows that 

^- TV(Fg|i/i(i^,Q,)) 
giving the desired bound. □ 

With the same method, one can compute explicit bounds for other Frobe- 
nius traces, too, but we don't need to. 

Now, let y be a smooth, projective, geometrically connected curve over 
some finite field ¥q and C ^ y a semistable family of curves of genus g. 
To bound the genus 5, we will count the minimal number b of singularities 
in the geometric fibers of C^Y and compare it with the following natural 
upper bound. 

Proposition 5.2 (Upper bound for 5). Let f : C— >y be a semistable family 
of curves of genus g >2. Then 

(5 < 12 • deg/^wc/y 

where 6 is the number of singularities in the geometric fibers of f and ujc/y 
is the relative dualizing sheaf. 



Proof. The characteristic p case was proven by Szpiro in [Sz78l Prop.l]. □ 
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If the Jacobian J—fY of C^Y is y-isogenous to the (7- fold product of 
a non-isotrivial family of elliptic curves E ^ Y , then we can express this 
upper bound in terms of the genus g and the height of E^Y . 

Recall that the height of a group scheme G^Y is given by 

h{G) := deg{s*^]„y) 
where s : Y^G is the zero section. 

Corollary 5.3 (Bounding 5 for decomposable Jacobians). Let G^Y he a 

semistahle family of curves whose Jacobian J ^ Y is Y-isogenous to the 
g-fold product of a non-isotrivial family of elliptic curves E ^ Y. Then 

6 < 12 h{E) -g 

where h{E) is the height of E Y . In particular , the constant h{E) depends 
only on E ^ Y , so that 6 is linearly bounded by g. 

Proof. Let E xy • • • xy E^J be an isogeny with kernel N. Then we have 
h{J) = h{ExY- ■ ■ "Xy E) — h{N). Since E is non-isotrivial, N is an extension 
of an etale group scheme by some factors of the form (ip-n.. Both group 
schemes have height zero (the Cartier dual of ^p-n. is etale), so that h{N) = 0. 

Furthermore, we have h{E Xy ••• xy = g ■ h{E) since the sheaf 
^EX'- xE/y isomorphic to ©f=iP*^^^/y where pi is the projection on 
the i-th factor. 

The height of the Jacobian is related to C— >y by h{J) = deg/*wc'/y 
because det s*r2j^y = dei f^uJc/Y |Fa.83l p. 351]. So we have 

(5 < 12 • deg f*uc/Y = 12 • h{J) = l2h{E) ■ g 
where the inequality is given by Proposition (15. 2p . □ 

This gives us an upper bound for 5 in terms of g. For the lower bound 
we will use Proposition (15. ip . To determine how many fibers of E^Y have 
a positive Frobenius trace, we will use the Sato- Tate conjecture. 

Theorem 5.4 (Sato- Tate Conjecture). Let E ^ Y be a non-isotrivial family 
of elliptic curves and a and b two real numbers between and vr. Then 

#{y G Y{¥,n) I a < Q{y) < b} 2 f' . . 
lim — ' = — sm if dip 

71-+00 vr 

where Q{y) is the angle of a Frobenius eigenvalue of the fiber Ey, i. e. the 
eigenvalues of the Frobenius acting on 11^ {Ey., Q^) are given by q^/'^ .e^®(2/)\ 

Proof. This was proven by Deligne in [DeSOl p. 212, (3.5.7)]. □ 

We derive the following lower bound for the number of singularities 5. 
Since later we want to apply this Proposition together with Proposition 
(j3.7p we allow the families of curves to be defined over some finite covering 
Y'^Y. 
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Proposition 5.5 (Lower bound for 6). Let E^Y be a non-isotrivial family 
of elliptic curves and Y'^Y some finite covering of degree d. Let C'^Y' he a 
semistahle family of curves of genus g whose Jacobian J'^Y' is Y' -isogenous 
to the g-fold product of E'^Y' . Then there is a constant c = c{E/Y, d) > 0, 
depending only on E^Y and d such that 

c- ] — g <o 

log log g 

where 5 is the number of singularities in the geometric fibers of C'^Y' . In 
particular, 6 is not linearly bounded above by g and the lower bound does not 
depend on the particular choice of the covering Y'^Y . 

Proof. We consider the case d = 1 first. After enlarging q if necessary, using 
the Sato-Tate-conjecture, we may assume that 



#{yGy(F,n)|o<e(y)<^}>^(?" 



li g > + 1, then a fiber over an F^n-rational point y of y with Q{y) < ^ 
has to be singular by (|5.1|) . Its Jacobian is either isogenous to the g-fold 
product of a single elliptic curve or a torus. In the toric case, the curve has 
at least g singularities. In the compact case, the curve is a chain of smooth 
curves each of genus less or equal to + 1. Such a curve will have at least 
L g"+2 J singularities. Underestimating the number of singularities, we can 
say that in any case we have at least ^ singularities. So the total number 
of singularities we get from these fibers is at least 

-q ■ = -q 

singularities. 

There is one point we have to take care of. If m is a natural number divid- 
ing n, then Y{¥q<n) C Y{¥qn). So saying that we get ^g singularities from 
the Fqm-rational fibers and additional |g singularities from the Fg^-rational 
fibers is not fully correct because we possibly count some singularities more 
than once. To deal with this problem we will only consider extensions F^e 
of prime degree e. 

Hence assume that g — I > q^,q^ ,q^ jq"^ ,q^^ , . . . ,q'^, . . . where the expo- 
nents e are prime numbers. How many q^ < g — 1 with e prime are there? 
It is the number of primes e with e < logq{g — 1). So by the prime number 

theorem, there is a constant ci > such that there are at least ci 

such primes e (ci is a little bit less than 1 if is large). So we get not less 
than 

^ l0gg(g - 1) 1 

^loglogg(5r - 1) 8 
singularities up to multiply counted ones. 
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Thus, we have to deal with the singularities we counted more than once, 
namely the ones coming from fibers defined over Fg-rational points because 
Y{¥g) C Y{¥gn) for all n. Using a bad estimate for ^Y{¥g), we assume 
that there are at most 2q Fg-rational points {q not too small, enlarge if 
necessary). Then we counted at most 2q ■ ^ = points too often for 
each prime e. So an upper bound for the total error is 

" <2g. 



E 



q- 

e prime 

Therefore, the corrected total number of singularities we counted is 

'ci logg(g-l) \ 

loglogg(5-l) J ^' 

Remember that we enlarged q to apply the Sato-Tate-conjecture for E ^ Y. 
So for our original q, we can say that there is a constant c > depending 
only on E' — > y such that there are at least Cj^^^^g singularities. 

Now assume that we have a covering Y'^Y of degree d > 1. Then any 
Fqn -rational point of Y has at least one F^m -rational preimage with r < d. 
So applying the Sato-Tate-conjecture on E'^Y' , which is the extension of 
E—tY with respect to the base change Y'—>Y, we see that 

# {y G y'(Fg.„) I < G(y) < ^} > # {y e y(F,n) | < Q{y) < ^} > e^z" 

where e > is some constant depending only on d. Now verbatim the same 
counting as above gives us a constant c = c{E/Y,d), depending only on 
E^Y and d, such that C'^Y' has at least c • , ^ singularities. □ 

' log log g ^ 

It follows that the genus g of such families of curves has to be bounded. 

Theorem 5.6 (The genus is bounded). Let E^Y he a non-isotrivial family 
of elliptic curves and C'^Y' a family of curves of genus g defined over a 
covering Y'^Y of degree at most d. Assume that the Jacobian J'^Y' of 
C'^Y' is Y'-isogenous to the g-fold product of E'^Y' . Then the genus of 
C'^Y' is bounded, i. e. there is a constant B = B{E /Y,d), depending only 
on E^Y and d, such that g is smaller than B. 



Proof. Without loss of generality, we may assume that E^Y has semistable 
reduction everywhere. If not, we can achieve this after a finite base change 
using the semistable reduction theorem. 

Let J'^Y' be the family of Jacobians of C'^Y' . By assumption J'^Y' is 
y'-isogenous to the g-fold product of E'^Y'. Hence, J'^Y' has semistable 
reduction and, therefore, the family of curves C'^Y' is semistable. So by 
(jS.Sp and (j5.2p the number 5 of singularities in the geometric fibers of C^Y 
satisfies (notice that h{E') < d ■ h[E)) 

loe a - . , , 
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where the constant cq > depends only on E^Y and d. But then g cannot 
be arbitrarily large, since the left hand side is not linearly bounded by g. So 
there is a constant B depending only on E^Y and d such that g is smaller 
than B. □ 



6. Conclusion 

We come to the results announced in the introduction. Our base field is 
now C again. 

Theorem 6.1 (Bound for the genus). Let C^Y be a family of curves of 
genus g whose Jacobian J^Y is Y -isogenous to the g-fold product of a non- 
isotrivial family of elliptic curves E^Y which can be defined over a number 
field. Then the genus g is bounded, i. e. there is a number B = B(E/Y) 
depending only on E^Y such that g is smaller than B. 

Proof. Using Proposition ()3.7p we see that after replacing y by a finite 
covering, there is a covering Y'^Y of degree at most 2 such that C'^Y' 
can be defined over a number field F which depend only on E^Y. 

Theorem (14. 7p tells us that there is a finite prime SpecFg— ^SpecC'i;', 
whose choice depends only on E^Y, such that the reduction of C'^Y' 
modulo this prime yields a family C— >y of curves of genus g over Fg whose 
Jacobian is y'-isogenous to the g-fold product of the reduction E'^Y' of 
E^Y. _ _ 

By Theorem (|5.6p applied to C'^Y' there is a number B, depending only 
on ii^— >y, such that g is smaller than B. □ 

Coming to Shimura curves, we first give a finiteness statement about 
modular families of elliptic curves. 

Proposition 6.2 (Finiteness of modular families of elliptic curves). Fix 

two integers q and s. Then there are only finitely many semistable modular 
families of elliptic curves E^Y defined over a base curve Y of genus at 
most q and smooth outside a set S CY of cardinality at most s. 

Proof. Let E^Y be a modular family as in the proposition and let Y Fj. 
be the j-map corresponding to the family E^Y. Because of the semistabil- 
ity of E^Y, an application of the ABC-conjecture for function fields yields 

deg(j£) <6-{2q-2 + s)=:d. 

So, in particular, the degree of the j-map is absolutely bounded by d. There- 
fore, the modular family of elliptic curves E^Y is given by a subgroup 
r C SL2(Z) of index at most d. 
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Since SL2(Z) is finitely generated, there are only finitely many subgroups 
r of SL2(Z) of index at most d. Thus, we have only finitely many semistable 
modular families of elliptic curves E^Y over a curve of genus at most q and 
smooth outside a set of cardinality at most s. □ 

Example 6.3. Let g = so that Y = ¥}^. Beauville showed that for s < 3 
there are no non-isotrivial semistable families of elliptic curves at all. And for 
s = 4, Beauville showed that there are exactly six non-isotrivial semistable 
families of elliptic curves, all modular, corresponding to the congruence sub- 

groups r(3), ri(4)nr(2), ri(5), ri(6), ro(8)nri(4) and ro(9)nri(3), see 

[Be82] . 

So, if the family of Jacobians is y-isogenous to the (7-fold product of 
a modular family of elliptic curves, then we get the following result from 
Theorem (j6.ip . 

Corollary 6.4 (Uniform bound for modular families). Fix two integers q 
and s. Then there is a constant B = B{q,s) such that for any semistable 
family of curves C^Y , which is defined over a base curve Y of genus at 
most q and whose family of Jacobians J^Y is smooth outside a set S CY 
of cardinality at most s and Y-isogenous to the g-fold product of a modular 
family of elliptic curves E^Y , the genus g of the fibers of C^Y is bounded 
above by B. In particular, B depends only on q and s. 

Proof. By Proposition ()6.2p , there are only finitely many semistable modular 
families of elliptic curves E^Y over a curve of genus at most q and smooth 
outside a set of cardinality at most s. Because of the modularity, each one 
can be defined over some number field |De79| . 

So Theorem (I6.1|) gives for each E^Y, a bound B{E/Y) such that for 
g larger than B{E/Y), the (/-fold product of E^Y is not y-isogenous to 
a Jacobian. Thus, taking B = B(q,s) to be the maximum of these finitely 
many numbers B{E/Y) proves the corollary. □ 

We derive the following corollary. 

Corollary 6.5 (Curves over with strict maximal Higgs field). Given an 
integer s > 0, there is a natural number B = B{s), depending only on s, 
such that for any semistable family of curves C^Pj-, whose Jacobian J^Pj. 
is smooth outside a set 5 C P^. of cardinality at most s and has a strictly 
maximal Higgs field, the genus g of the fibers of C ^Pj^ is bounded above by 
the number B. 

Proof. Because of Corollary (12. 3p . we may choose B = B{s) to be the con- 
stant B{0,s) from Corollary (j6.4p . □ 

In particular, a given rational Shimura curve parameterizing a family of 
high-dimensional Abelian varieties with strictly maximal Higgs field does 
not lie in the closure of the Schottky locus. This proves Theorem (ll.lh . 
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